Problem 20)

f(x) = x5 Y0 o Apx®

f'(x) = TioUe + ) Apx’+s71

f'(x) =Y ok +s)(k + s — 1)Ax*+s2
Airy’s equation: " (x) — xf(x) = Xp_o(k + s)(k + s — DAx*+s72 — ¥ Apxktstl = 0.
Defining k' = k — 3, then switching the dummy of the summation back to k, we will have

Y (k' + s+ 3) (k' 4S5+ 2)Aprpax T Y A xRSt
=s(s—DAx*2+5s(s + DA x5 T+ (s + 1)(s + 2)A4,x5
+ Y ol(k+s+3)(k+ s+ 2)Agys — Aplx*tstt = 0.

Indicial equations: s(s—1)A4, = 0; s(s+ 1)A; =0; (s+1(s+2)A, =0.
Solutions of the indicial equations:
1) s=1, A, arbitrary, A =A4,=0.
i1) s = —2, A, arbitrary, Ay =4, =0.
1i1) s=0, ApandA; arbitrary, A4, =0.
1v) s =—1, A, and A, arbitrary, A, = 0.

. . . _ Ak
Recursion relation: Ay, 3 = rstn(erers)

. . oy . — 1\ - 4k -
First solution of Airy’s equation (s = 1): Ay,3; = IOV k=0,3,6,9,:-.
— Ao _2 4. A3 _ A _ 25, — As _ 258 ),
As =3, = 5o A6 = 57 = Fae7 — 71 A0 Ao =500 = o0 Ao
_ (3-1)(6—1)(9-1)--(3n-1) __ 3M(1-15)(2-15)(3=15)-(n—14) __ 3™(n-)!
Therefore, 43, = (3n+1)! Ao = (3n+1)! 07 @n+y OO
_ w M=) (31/3x)3n
fl(x) =x|1+ Zn:l @Bn+1)!
Second solution of Airy’s equation (s = —2): Apis = %, k=2,5811,--.
A2 _1,. _A4s _ A 14, _A4s _ 147, |
As =35 = 542 A8 =56 = 7356~ @ A2 An =g5= 5 4z
_(3-2)(6-2)(9-2)-+(3n-2) , _ 3"(1-%)(2-%)(3—%)-(n—-%) , _ 3" (n-%)!

Therefore, A3,42 = Gl A, = Gl A, = el A,.

_ o (M=% (31/3x)3n
f2() =1+ Zn=1T



The remaining solutions of the indicial equations (associated with s = 0 and s = —1) do not
yield any new solutions for the Airy equation. For example, in the case of s = 0, we will have
Ak

—_— k=0369:- andalso k=1,4710,:-
(k+2)(k+3)

Apiz =

The first series (k =0,3,6,9,:-+) yields f,(x), while the second (k = 1,4,7,10,-) yields
f1(x), so that the general solution will be f(x) = Ay f>(x) + A1 f1(x). Similarly, in the case of
s = —1, we will have
— Ak
A+ = Grnae)”
The first series (k = 1,4,7,10,--+) yields f,(x), while the second (k = 2,5,8,11,---) yields
f1(x), so that the general solution will be f(x) = A, fo(x) + A, f1(x).

k=1,4710,--- andalso k=2,5,811,---




